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Abstract 

Nine variations of the concept of domination in a simple graph are identified 
as fundamental domination concepts, and a unified approach is introduced 
for studying them. For each variation, the minimum cardinality of a subset of 
dominating elements is the corresponding fundamental domination number. 
It is observed that, for each nontrivial connected graph, at most five of these 
nine numbers can be different, and inequalities between these five numbers 
are given. Finally, these fundamental dominations are interpreted in terms 
of the total graph of the given graph, a concept introduced by the second 
author in 1965. It is argued that the very first domination concept, defined 
by O. Ore in 1962 and under a different name by C. Berge in 1958, deserves 



to be called the most fundamental of graph dominations. 
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1 Introduction and Preliminaries 

The literature contains extensive studies of many variations of the concept of 
domination in a simple graph. The following points are some loose extracts 
from the Preface, Chapter 12, and the Appendix of the reference text [9], 
written by well-known authorities: T.W. Haynes, S.T. Hedetniemi, and P.J. 
Slater. 

• One of the authors' objectives is "to consolidate and organize much of 
the material in the more than 1200 papers already published on domination 
in graphs." 

• "It is well known and generally accepted that the problem of determining 
the domination number of an arbitrary graph is a difficult one. ... Because of 
this, researchers have turned their attention to the study of classes of graphs 
for which the domination problem can be solved in polynomial time" . 

• "The following pages contain a fairly comprehensive census of more 
than 75 models of dominating and related types of sets in graphs which have 
appeared in the research literature over the past 20 years." 

Without a doubt, the literature on this subject is growing rapidly, and a 
considerable amount of work has been dedicated to find different bounds for 
the domination numbers of graphs [3, 8, 10, 11]. The terms "dominating set", 
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and "domination number" of a graph G = (V, E) were first defined by O. Ore 
in 1962, see [12]. A subset A C V is a dominating set for G if each element of 
V is either in A, or is adjacent to an element of A. The domination number 
7(G), which is the most commonly used domination number, is the minimum 
cardinality among all dominating sets of G. We will interpret 7(G) as the 
minimum cardinality among all subsets A C V dominating the set B = V. 
Such a subset A and the set B are called a dominating set and the dominated 
set for this vertex-vertex domination variation, respectively. The parameter 
7(G) will be referred to henceforth as the vertex-vertex domination number 
of G. 

Later, a few researchers defined, sometimes redefined, and studied other 
domination variations: vertex-edge, edge- vertex, etc., and the cardinalities 
of their largest or smallest dominating sets [1,10]. 

However, from practical point of view, it was necessary to define other 
types of dominations. Most of these new variations required the dominating 
set to have additional properties such as: being as independent set, inducing 
a connected subgraph, or inducing a clique. These properties were reflected in 
their names as an adjective: independent domination, connected domination, 
and clique domination, respectively. 

In this paper, among over 75 models of domination and corresponding 
subsets in graphs, we choose nine variations, which are the core, and call them 
fundamental dominations. For this purpose, we consider simple nontrivial 
connected graphs G = (V,E). Our reason for restricting attention to such 
graphs are two- fold. First, two of the fundamental domination numbers are 
not defined for graphs with isolated vertices. Second, if G is disconnected and 
has no isolated vertices, then the value of each of the fundamental domination 
numbers for G is equal to the sum of the values of the same number for each 
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of the connected components of G. 

We introduce a unified approach to studying these fundamental domi- 
nations based on the fact that, in each domination variation, two sets are 
used - the set consisting of the dominating elements, and the set consisting 
of the elements that need to be dominated. For each fundamental domina- 
tion the minimum cardinality among all dominating sets is the corresponding 
fundamental domination number. We observe, in Theorem 1, that for each 
nontrivial connected graph at most five of these nine numbers can be differ- 
ent. Inequalities concerning each pair of these five numbers are considered 
in Theorems 2 and 3. 

Finally, we show how these fundamental dominations may be interpreted 
in terms of the total graph T(G) of G, defined by the second author in 1965. 
We argue that the very first domination concept, defined by O. Ore in 1962 
and under a different name by C. Berge in 1958, deserves to be called the 
most fundamental of graph dominations. 

1.1 The fundamental domination numbers 

By an element of a graph G = (V, E) we mean a member of the set V U E. 
Two different elements of G are said to be associated if they are adjacent 
or incident in G. For U, W e {V,E,V U E}, a subset A C U dominates 
W if each element of W\(j4 fl W)is associated with an element of A. The 
minimum cardinality of such subsets A is denoted by r ) uw {G). For historical 
reasons, we replace 7 V>V (G), 7 BjJ5 (G), and l VUEiVUE (G) by 7(G), 7' (G), and 
7"(G), respectively. We call the following nine parameters the fundamental 
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G L(G) T (G) 



Figure 1: .4 graph G, its line graph L(G) and rotal graph T(Gj 

domination numbers of G: 

lvA G ) = 7(G); 7v, B ( G ); 1v,vue( g )'i 

(G) 

> 7yuB,s (G) = 7 (G). 

In each dominating subset whose cardinality equals the fundamental 

domination number is called a fundamental dominating subset of G. 

Various equalities and inequalities related to these fundamental numbers 
are summarized in Theorems 1, 2, and 3 of Section 2. See Figure 2 which 
actually reflects the statements of these three theorems. 

The line graph L(G) of a nonempty graph G = (V, E) is the graph whose 
vertex set is in one-to-one correspondence with the elements of the set E 
such that two vertices of L(G) are adjacent if and only if they correspond 
to two adjacent edge of G. The total graph T{G) of G is the graph whose 
vertex set is in one-to-one correspondence with the set V U E of elements of 
G such that two vertices of T(G) are adjacent if and only if they correspond 
to two adjacent or incident elements of G, see [4,6]. Figure 1 shows a graph 
G, its line graph L(G) and its total graph T(G). It is clear that G and L(G) 
are disjoint induced subgraphs of T(G). 

In Section 3, we elaborate on the fact that each graph domination vari- 
ation can be presented in the context of a special subset A of V(T(G)) 
dominating an appropriate subset B of V(T(G)). This observation suggests 
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that the phrase "the most fundamental of graph dominations" might appro- 
priately be attached to the vertex-vertex domination related to 7. 

Notions and notations not defined here can be found in texts such as M. 
Behzad, et al [6], and D. B. West [14]. 

2 General Equalities and Inequalities 

Each of the nine fundamental domination numbers has its own applications, 
and must be considered separately. However, for each graph under consider- 
ation the following equalities hold. 

Theorem 1 For each nontrivial connected graph G we have: 

(1) 7 '(G) = 7 (L(G)), (2) 7 "(G) = 7 (T(G)), (3) lv ^ v {G) = 7 (G), 

(4) IvuzJG) = 7(G), (5) 7*,v(G) = l E , V uAG), (6) 7v , a (G) = 1 V , VUE {G). 

Proof. The equalities (1), and (2) follow from the definitions of the line graph 
and the total graph of G, respectively. To prove the last four equalities, first 
we observe that, by definition, the parameter on the left of each equation in 
less than or equal to the parameter on the right. 

For example, in (3) we show that r y VUEV (G) < 7(G) = j vv (G). Since 
each subset of V dominating V is a subset of V U E that dominates V, the 
inequality 7vuBV (G) < l vv {G) = 7(G) follows. The same is true for the 
inequality 7v . UE , B (G) < 7(G) = 7b , b (G). 

Next, we prove that 7e v (G) < 7j3 VUE (G). Subsets such as A of the set E 
that dominates V do not necessarily dominates V U E. Ordinarily, subsets 
of bigger size are needed to dominate both V and E. Thus by definitions 
involved l EV {G) < 1 EVUE (G). The same argument shows that 7vB (G) < 
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(G). 

To complete the proofs of the equalities (3)- (6) it suffices to prove the 
validity of each converse inequality. As an example, for (3) we show that 
l{G) < 1 VUEV (G). Let A be a subset of V U E which dominates V such 
that \A\ = l VUE , v (G). UAnE = <f>, then A C V, and 7 (G) < l VUE , v{G )- 
Suppose A fl E 7^ 0. For each e = -uf G A fl E eliminate e from A and, if 
necessary, add to the remaining subset one of u or v to produce a set /cy 
dominating V. Thus 7(G) < |A| < \A\ = i VUEy {G). 

Next, we prove that ^'(G) < 1 VUE E {G). Let ACVUE which dominates 
E such that \A\ = 1 VUE , V {G). If A n F = 0, then ACE, and 7(G) < 
7 VUBE (G'). Otherwise, A fl V 7^ 0. For each w e A n 7, eliminate i> from 
A, and if necessary, add to the remaining subset an edge incident with v to 
produce a set A' C E dominating E. Such an edge exists, since G has no 
isolated vertices. Thus, as before, 1(G) < \A'\ < \A\ = 1 VUEV {G), and (4) 
is established. 

To Prove / y EVUE (G) < 7 EV (G), let A C E dominates V, such that \A\ = 
7 £F (G). We claim that A dominates E as well. Let e = uv G i?\A Since 
A dominates V, there exists an edge e E A such that e' and u are incident, 
that is to say u G e . Then e and e are adjacent. Thus A dominates V Li E. 

Hence 7 B ,v UB ( G ) < 1eA G )- 

Finally, in a similar manner, we prove that l VVUE {G) < J VE (G). Assume 
that A C. V dominates E, and that \A\ = / ~f VE (G). We show that A domi- 
nates V, too. Let v G V\A Since G is connected and nontrivial, there exists 
at least one edge e = uv incident with v, and since A dominates E, one of the 
vertices u, v must lie in A Since v A,u must be in A Hence A dominates 
VUE. Therefore, lvy „ B (G) < \A\ = ^ E (G). 



7 = ]'1V«£ 




T=)'njE,v fE,r=?E,njE 
Figure 2 : Digraph D to be used ill Theorems 2 ami 3 

Based on Theorem 1, the values of the nine fundamental numbers are 
essentially reduced to five: 

7 '~1vvjE,V>'~1v,E 1v,VUE ' 7s,V 7.e i VU-E'7 7vU-E,E' 7 . 

Next, we introduce a digraph .D with node set N = {7, 7', 7", 7 VJ3 , 7 B v }, 
and arc set 

{ ilv,E 1 7 ) ! (TV,J3 ' 7 ) ' (Tv,B 5 T) 5 (Tv,B ' 7e,V ) ' (Tb,V ' 7v,E ) > 

(7', 7), (7, 7'), (7 B ,v» 7'), (7", 7'), (7 B ,v> 7"), (7", 7), (7 B ,v> 7)}- 

See Figure 2. In this figure the two arcs (7,7'), and (7', 7) are represented 
by the straight line joining the two nodes 7 and 7' along with two arrows in 
opposite directions. This situation will be denoted by 7 <-* 7', or by 7' <-> 7. 
The two arcs (7 VJ3 ,7 BV ) and (7 BV ,7 VE ) are represented in the same way. 
However, for each of the remaining eight arcs (x, y) in A such that (y, x) ^ A, 
the arc (x, y) is represented by a straight line joining the two nodes x and y 
along with one arrow from x to y. This situation will be denoted by x — > y. 

Theorem 2 Let x and y be two different nodes of the digraph D of Figure 2. 
If(x,y) is an arc of D and (y,x) is not an arc of D, then for every nontrivial 
connected graph G, the inequality x(G) > y{G) holds. 

Proof. The equalities stated in Theorem 1 are depicted in Figure 2. In the 
light of these equalities, it suffices to show that the following eight inequalities 
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are valid: 



(1) J v AG)> r 



(G), 



(2) lvyiJE (G)>l'\G) 



(3) 1e , v {G) > l VUE A G )i 
(5) 1 V , VUE (G) > 7 (C), 
(7) l E , VUE (G)>l'(G), 



(4) 7 B ,v UB (G)> 7 "(G), 
(6) l"(G)> lvuEiV (G), 
(8) 7"(G)>7. UB , £ (G). 



Proofs of the validity of each of the first four inequalities are similar. 
"Having more freedom to choose the required dominating sets" is the key 
phrase. Note that in both sides of each of these inequalities the same set 
needs to be dominated; however, each dominating set of the parameter on 
the left is necessarily a dominating set of the parameter on the right too. As 
an example, (2) holds, since 7" = 7 vui5 VUE , V U E = V U E, and V C V U E. 

Similar arguments prove the last four inequalities. For each inequality, 
the dominating sets of the two parameters which appear on either side are 
subsets of the same set; however, for the parameter on the right the set 
which needs to be dominated is a subset of the same set for the param- 
eter on the left. As an example, (7) holds since 7' = r ) EE ,E = E, and 



In the sequel, we will refer to the following special classes of graphs, along 
with some of their specified domination numbers. We will then use these con- 
siderations in Theorem 3 to explain the significance of the two "double arcs" 
x <-> y in Figure 2. 

Example 1. For a complete graph, K n) of order n, n > 2, one can readily 
see that: 



EC VUE. 



□ 



l{K n ) = 1; 



l\K n ) 



n 



2 



l E A K n) 



n 



lvA K n) = n - 1. 



2 



9 



Example 2. It is easy to observe that for the complete bipartite graph 
K l n ,n G N, we have 

lvA K hn) = I! l E ,v( K l,n) = n. 

Example 3. Next we introduce a new class of graphs, R 3n ,n G N, called 
ridged graphs. Let: 

V(R 3n ) = {ui,Vi, Wi\l < i < n}, and 

E(R 3n ) = E 1 U E 2 U E 3 , where 
Ei = {uiU i+1 \l < i < n—1}, E 2 = {uiVi\l < i < n}, E 3 = {uiWi\\ < i < n}. 
The graph R 18 is shown in Figure 3. 

vi v 2 v 3 v A v 5 v 6 

Uq 



• 1 


1 1 






i • 

3 i 


• 1 






i I 


i • 



w 1 w 2 w 3 W 4 W 5 Wq 
Figure 3 The ridged graph Ri$ 



By an easy induction on n one can prove that: 
l{Rzn) = n\ and 7' {R 3n ) = 



Theorem 3 If x <-> y is a double arc of the digraph D of Figure 2, then for 
each positive integer r there exist graphs G and H such that x(G)—y{G) > r, 
and y(H) - x(H) > r. 



10 



Proof. The digraph D contains two double arcs of the form x <-> y: namely 
7' <-> 7, and 7 VB <-> 7 BV . Hence, for a given r we must provide four graphs 
G 1 ,G 2 ,G 3 , and G 4 such that 

7'(G 1 )-7(G 1 )>r; 



7(C 2 ) -l'{G 2 ) > r; 

7 B ,v(G 4 ) -7k E ( G 4) > r. 
To present Gi, let n = 2r + 4, and Gi = X n . As specified in Example 1, 



we have: 7' (if n ) — 7(^n 



2r+4 



For G2, let ra = 4r, and G2 



- 1 = r + 1 > r. 

i? 3n . Then Example 3 indicates that: 



7(i? 3n ) - 7' (.Ran) 



n 



2r > r. 



To provide G 3 , as for G±, let n = 2r + 4, and G 3 = K n . Then, by Example 
1: l v , E (K n ) - l E A K n) = n - 1 - [f] = r + 1 > r. 

Finally let n = r + 2, and G 4 = K 1:Jl . Then, Example 2 implies that: 
1eA K ^) ~ lvA K ^) = n-l = r + 1 > r □ 



3 The Most Fundamental of Graph Domina- 
tions 

The total graph T(G) of a nonempty graph G = (V, E) was defined in Section 
I. It has two vertex disjoint subgraphs G* and L* such that G* and L* are, 
respectively, isomorphic to G and to the line graph L(G). See Figure 1, and 
for a characterization of total graphs see [5]. 

Each graph domination concept can be presented in the context of a spe- 
cial subset A of the vertex set V U E of T(G) dominating an appropriate 
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subset B of V U E. For the nine Fundamental domination variations these 
special subsets A and B are specified below: 

A C C V(T(G)) for 7 (G), 7 ^(G), and 7 ^ UB (G); 

ACV(L*)CV(T(G)) for 7bjV ,(G), 7 '(G), and 7b , vue (G); 
ACV(T(G)) for 7vuB , v (G), 7vuB , £ (G), and 7 "(G); 

B = V(G*)CV(T(G)) for 7 (G), 7f ^(G), and 7v , UB , v (G); 
B = V(L*)cV(T(G)) for 7 ^(G), 7 '(G), and 7vuB , B (G); 
5 = V(T(G)) for 7 ^ UE (G), 7 ^ UB (G), and 7 "(G). 

Hence, for any fundamental domination number of G one can simply 
minimize the cardinalities of special subsets of V(T(G)) that dominate an 
appropriate subset of V(T(G)). Thus a slight modification of the original 
concept defined in 1962 by Ore [12], and in 1958 under a different name 
by Berge [7], deserves to be referred to as the most fundamental of graph 
dominations. 

Concluding Remarks 

1. In this paper we have attempted to categorize domination concepts into 
nine categories. For a nontrivial connected graph G = (V, E), if we use V for 
the set of vertices, and E for the set of edges of G,then the nine categories 
might be referred to as dominations in: V — V, V — E, V — V U E, E — V, E — 
E,E -V U E,V U E -V,V U E - E, and V U E - V U E contexts. The 
majority of the concepts and results in this vast area are related to V — V 
dominations; see the book by S. T. Hedetniemi and R. C. Laskar [11]. Many 
of the concepts and results can easily be transformed into other categories. 
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As an example, we refer to the k— domination defined in the V — V context 
as follows. For a positive integer k, a subset S C V is a k- dominating set 
if for each u e V — S, \N(u) n S\ > k, where N(u) denotes the set of 
vertices of G which are adjacent to u. The A;— domination number j k (G) was 
considered by E. J. Cockaye, B. Gamble, and B. Shepherd in [8]. Considering 
this parameter in other contexts and obtaining their values seems to be of 
interest. 

2. Theorems 1,2, and 3 provide relationships among the nine fundamen- 
tal domination numbers of a nontrivial connected graph G. One can often 
combine some of the given bounds with some of the existing results to pro- 
duce new bounds which might, or might not be sharp. As an example we 
consider 7 "(G) = 7(T(G)), and the following result of C. Payan [13]: if G 
has order n, size to, and minimum degree 5, then 7(G) < (n + 2 — S)/2. 
Since the graph T(G) has order n + to, and its minimum degree is 25, we 
have r )" {G) < 1 — 5+ (n + m)/2. Hence Theorems 1, and 2 imply that for a 
nontrivial connected graph G we have: 

l\G) = IvuzAG) < 7 "(G) = 7 (T(G)) < 1 - 5 + (n + to)/2. 
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